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Abstract 

In this paper we are concerned with the maximum principle for quasi-linear 
backward stochastic partial differential equations (BSPDEs for short) of parabolic 
type. We first prove the existence and uniqueness of the weak solution to quasi- 
linear BSPDE with the null Dirichlet condition on the lateral boundary. Then using 
the De Giorgi iteration scheme, we establish the maximum estimates and the global 
maximum principle for quasi-linear BSPDEs. To study the local regularity of weak 
solutions, we also prove a local maximum principle for the backward stochastic 
parabolic De Giorgi class. 
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1 Introduction 



In this paper we investigate the following quasi-linear BSPDE: 



d Xj (a %J (t,x)d Xi u(t,x) + a 3r (t,x)v r (t,x)^ + V(t, x)d Xj u(t, x) 



du(t, x) 



+ c(t, x)u(t, x) + q r (t, x)v r (t, x) + g{t, x, u(t, x), Vu(t, x),v(t, x)) 



< 



+ d Xj f(t,x,u(t,x),Vu(t,x),v(t,x)) dt 

-v r {t,x)dW[, (t, x) £ Q := [0, T\ x O; 
G(x), xeO. 



(1.1) 



u(T, x) 



Here and in the following we use Einstein's summation convention, T £ (0, oo) is a 
fixed deterministic terminal time, O C R n is a bounded domain with DO £ C 1 , V = 
(d xi , • • • , d Xn ) is the gradient operator and (W t )t<={o,T] is an m-dimensional standard Brow- 
nian motion in the filtered probability space (Q, JP, (J? t )t>o, P)- A solution of BSPDE 
( II. ip is a pair of random fields (u, v) defined on Q x [0, T] x O such that (11.11) holds in a 
weak sense (see Definition 12. 21) . 

The study of backward stochastic partial differential equations (BSPDEs) can be dated 
back about thirty years ago (see Bensoussan [2] and Pardoux [19]). Such BSPDE arises 
in many applications of probability theory and stochastic processes, for instance in the 
nonlinear filtering and stochastic control theory for processes with incomplete information, 
as an adjoint equation of the Duncan-Mortensen-Zakai filtration equation (for instance, 
see [21 [El [T5J [23j |26j [27] ) . In the dynamic programming theory, some nonlinear BSPDEs as 
the so-called backward stochastic Hamilton- Jacobi-Bellman equations, are also introduced 
in the study of non-Markovian control problems (see Peng [20J and Englezos and Karatzas 



The maximum principle is a powerful tool to study the regularity of solutions, and 
constitutes a beautiful chapter of the classical theory of deterministic second-order elliptic 
and parabolic partial differential equations. Using the technique of Moser's iteration, 
Aronson and Serrin proved the maximum principle and local bound of weak solutions 
for deterministic quasi-linear parabolic equations (see [H Theorems 1 and 2]), which are 
stated in the backward form as the following two theorems. 

Theorem 1.1. Let u be a weak solution of a quasi-linear parabolic equation 



in the bounded cylinder Q = (0,T)xOc M. 1+n such that u < M on the parabolic boundary 
((0, T] x O) U ({T} x O). Then almost everywhere in Q 



where the constant C depends only onT, \ 0\ and the structure terms of the equation, while 
S3) is expressed in terms of some quantities related to the coefficients srf and S3. 



nan. 



d t u = d Xi £/i(t, x, u, Vw) + &(t, x, u, Vti) 



(1.2) 



u < M + CE(#f, SS) 
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Theorem 1.2. Let u be a weak solution of U.ty) in Q. Suppose that the set Q 3p is 

contained in Q. Then almost everywhere in Q p we have 

\u(t,x)\ < C {p- in+2)/2 \\u\\ wHQ{3p)) +p e S 1 K,^)) 

where the constant C depends only on p and the structure terms of §HM) , Q p '■— (t,i + 
p 2 ) x B p (x), 9 G (0, 1) is one of the structure terms of U.S\) and S^^/, £$) is expressed in 
terms of some quantities related to the coefficients srf and £$. In particular, weak solutions 
of Al.fy) must be locally essentially bounded. 

In contrast with the deterministic one, the stochastic maximum principle has received 
rather few discussions. We note that Denis and Matoussi [6], and Denis, Matoussi, and 
Stoica [Tj gave a stochastic version of Aronson and Serrin's above results, and obtained via 
Moser's iteration scheme a stochastic maximum principle, which claims an LP estimate 
for the time and space maximal norm of weak solutions to forward quasi-linear stochastic 
partial differential equations (SPDEs). Any stochastic maximum principle seems to be 
lacking for backward ones in the literature, which then becomes quite interesting to know. 

In this paper, we concern the maximum principle of a weak solution to BSPDE (11.11) . 
Using the De Giorgi iteration scheme, we establish the global maximum principle and 
the local boundedness theorem for quasi-linear BSPDEs (11. ip . which include the above 
two theorems as particular cases. As highlighted by the classical theory of deterministic 
parabolic PDEs, our stochastic maximum principle for BSPDEs is expected to be used 
in the study of Holder continuity of the solutions of BSPDEs and further in the study of 
more general quasi-linear BSPDEs. 

It is worth noting that our estimates for weak solutions are uniform with respect to 
w G Q. In contrast to Denis, Matoussi, and Stoica's L p estimate (p G (2,oo)) for the 
time and space maximal norm of weak solutions of (forward) quasi-linear SPDEs, we 
prove an L°° estimate for that of quasi-linear BSPDE (11.11) . This distinction comes from 
the essential difference between SPDEs and BSPDEs: the diffusion v in BSPDE (II .ip is 
endogenous, while the diffusion in the SPDEs is exogenous, which makes impossible any 
L°° estimate for a forward SPDE due to the active white noise. On the other hand, indeed, 
the technique of Moser's iteration can also be used to study the behavior of weak solutions 
of BSPDE (II. ip and to obtain the global and local maximum principles. However, as the 
De Giorgi iteration scheme works for the degenerate parabolic case, we prefer De Giorgi's 
method in this paper and leave the application of Moser's method as an exercise to the 
interested reader. 

Many works have been devoted to the linear and semi-linear BSPDEs either in the 
whole space or in a domain (see, for instance, [HI El QUI Ell EU ESI EZ])- A theory of 
solvability of quausi-linear BSPDEs is recently established in an abstract framework in 
Qiu and Tang [22]. However, it is prevailing in these works to assume that the coefficients 
b, c and q are essentially bounded. To inherit in our stochastic maximum principle the 
general structure of admitting the unbounded coefficients b and c in the deterministic 
maximum principle, we prove by approximation in Section 4 the existence and uniqueness 
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result (Theorem 4.1) for the weak solution to the quasi-linear BSPDE (11.11) with the null 
Dirichlet condition on the lateral boundary, under a new rather general framework. This 
result is invoked to prove Proposition 4.3 as the Ito's formula for the composition of 
solutions of BSDEs into a class of time-space smooth functions, which is the starting 
point of the De Giorgi scheme in the proof of subsequent stochastic maximum principles. 

This paper is organized as follows. In Section 2, we set notations, hypotheses and the 
notion of the weak solution to BSPDE (II. ip . In Section 3, we prepare several auxiliary 
results, including a generalized Ito formula, which will be used to establish Proposition 
4.3 below as a key step in the study of our stochastic maximum principle. In Section 
4 we prove the existence and uniqueness of the weak solution to BSPDE ( II. ip . Finally, 
in Section 5, we establish the maximum principles for quasi- linear BSPDEs. In the first 
subsection, we use the De Giorgi iteration scheme to obtain the global maximum principles 
for BSPDEs ( II. ip and in the second subsection, we prove the local maximum principle 
for our backward stochastic parabolic De Giorgi class. 



2 Preliminaries 

Let (fi, J^", {^t}t>o, P) be a complete filtered probability space on which is defined an 
m-dimensional standard Brownian motion W = {W t : t G [0, oo)} such that {^t}t>o is 
the natural filtration generated by W and augmented by all the P-null sets in & . We 
denote by 2? the cx-algebra of the predictable sets on Q x [0,T] associated with {J?t}t>o- 
Denote by Z the set of all the integers and by N the set of all the positive integers. 
Denote by | ■ | and (■, ■) the norm and scalar product in a finite-dimension Hilbert space. 
Like in R, R k , R kxl with k, I G N, we have defined 




: I > .rj ! and \y\ := / / fc> r (%,y) £ K" x 



k wnkxl 



=1 j=l 



For the sake of convenience, we denote 



d d 2 
d s :— — and d st ' 



ds ' dsdt ' 

Let V be a Banach space equipped with norm || • For real p G (0, oo), S P (V) is the 
set of all the V^-valued, adapted and cadlag processes (X t ) tG [ 0) T] such that 



II^IIsp(V) := E[ sup \\X t \\ J y] < oo. 

It is worth noting that (S P (V), \\ ■ \\sp(v)) is a Banach space for p G [1, oo) and for p G (0, 1) 
dis(X,X') := \\X — X'\\sp(y) is a metric of S P (V) under which S P (V) is complete. 
Define the parabolic distance in R 1+n as follows: 

5(X, Y) := max{|t - s\ 1/2 , \x - y\}, 
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for X := (t,x) and Y := (s,y) E IR 1+n . Denote by Q r (X) the ball of radius r > and 
center X := (t,x) E R 1+n with x E R n : 

Q r (X) := {Y E R 1+d : 5{X, Y)<r} = (t- r 2 , t + r 2 ) x £ r (x), 
£ r (a;) :={y ER n :\y-x\< r}, 

and by |Q r (^OI the volume. 

Denote by 911 the boundary of domain II C M n . Throughout this paper, we assume 
dO E C l . The set St '■= [0,T] x dO is called the lateral boundary of Q and the set 
d p Q := St U ({T} x O) is called the parabolic boundary of Q. 

For domain II C R n , we denote by C^°(U) the totality of infinitely differentiate 
functions of compact supports in II, and the spaces like L°° (II) , L p (II) and W k ' p (Jl) are 
defined as usual for integer k and real number p E [1, oo). We denote by <^ •, • ^>n the 
inner product of L 2 (Jl) and the subscript II will be omitted for U = O. Set U t := [t, T] x II 
for t E [0, T). For each integer k and real number p E [1, oo), we denote by W k /{Ii t ) the 
totality of the W k,p (jY)-\a\ned predictable processes u on [t,T] such that 



E 



l M ( s > ') II W k -P(U)^ S 



l/p 



< oo. 



Then (W^ p (Ilt), \\ ■ \\w k > p (n t )) * s a Banach space. 



Definition 2.1. For (p,t,ife) G [1, oo) x [0,T) x Z, define .M fe ' p (II t ) as the totality of 
u E W^ p (Tl t ) such that 



\u\\k,p;n t 



ess sup sup E 

uen se[t,T] 



\u(u,T,-)\\w^(n) dT \^» 



< oo. 



For u E W^ p (U t ), we deduce from j2J Theorem 6.3] that the process 



-[t,T] 



:s)e 



Hu},T,-)\\ P wKp{u) dT\^ s 



s E [0, T] | E S p (R) for any E (0, 1). 



This shows that the norm || • ||fc iP; n t m the preceding definition makes a sense. Moreover, 
(J\A k ' p (Jl t ), || ■ ||fc )P ;n t ) is a Banach space. 

To simplify notations, k = appearing in either superscript or subscript of spaces or 
norms will be omitted and therefore the notations W^ p (H t ), \\ ■ \\w°- p (n t )' ■M 0,p (H t ) and 
II ' ||o,p ; n t will be abbreviated as Wj^(II t ), || • \\ w p m t \, A4 p (Jl t ) and || • ||p ; n t - Note that 
W°' p (n) = L p (Tl). 

Moreover, we introduce the following spaces of random fields. £°°(n t ) is the totality 
of u E W&(U t ) such that 



p||oo;n< '■= esssup \u[co, s, x)\ < oo. 
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C°°' p (IL t ) is the totality of u G W£(IL t ) such that 

IM|oo,p ; n t := esssup ||u(a;, s, -)lkp(n) < oo. 

(u,s)€f!x[i,T] 

V2(II t ) is the totality of u G W^ 2 (Ht) such that 

IMIv 2 (n t ) := (||w||L,2 ; n t + l|VM||| nt ) 1/2 < oo. (2.1) 
V2,o(nt), equipped with the norm (12.11) . is the totality of u G "^(ILJ such that 
lim \\u(s + r, •) — u(s, -)||L 2 (n) — 0, for all s, s + r G [t, T] 

holds almost surely. We denote by V 2 (Q) (V2,o(Rt), W]f(U t ) and M 1,p (T\. t ), respectively) 
all the random fields u G V2{Q) (V2,o(n 4 ), W^ p (Il t ) and M 1,p (Jl t ), respectively), satisfying 

u(cu, s, -)\dn = 0, a.e. (u, s) G Q x [i, T]. 

By convention, we treat elements of spaces defined above like W k ' p (U) and A4 k ' p (Ht) as 
functions rather than distributions or classes of equivalent functions, and if we know that 
a function of this class has a modification with better properties, then we always consider 
this modification. For example, if u G W /1,p (n) with p > n, then u has a modification lying 
in C a (Tl) for a G (0, 2=»), and we always adopt the modification u G W^ P (U) n C Q (IT). 
By saying a finite dimensional vector-valued function v := (fi)igx belongs to a space like 
H /fc ' p (Il), we mean that each component Vi belongs to the space and the norm is defined 
by 




Consider quasi-linear BSPDE (11.11) . We define the following assumptions. 

(.41) The pair of random functions 

/(•, •, •, tf, y, z) : Qx [0, T] x -> 1" and g{-, •, •, tf, y, z) : fix [O,T]x0->l 

are ^ ® B(0) -measurable for any i/, z) £ E x IR n x IR m . There exist positive constants 
L,k and (3 such that for all yi, (#2, ?/2, ^2) G R x IR n x R nxm and (co,t,x) G 
x [0, T] x 

2/1,^1) - f(u3,t,x, l &2,y2,z 2 )\ <i|i?i — + — 2/2 1 +/? 1/2 ki - 2&I, 
-g{u3,t,x,"&2i 2/2, ^)| <£(|#i -#2! + 1 2/i — 2/2 1 + |*i ~ z 2 \). 

(A2) The pair functions a and o are 2? ® B{0) -measurable. There exist positive 
constants g > 1, A and A suc/i i/iai the following hold for all £ G M n and t, x) G 
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Q x [0, T] x O 



i 



\\i\ 2 < (2a ij (uj,t,x) - ga ir ^ r (u,t,x))ee < A|£| 2 - 
\a(u,t,x)\ + \a(u>,t,x)\ < A; 

and A — k — g'/3 > with g' :- 



g-l 



(A3) G G L°°(Q, JP T , L 2 {0)). There exist two real numbers p > n+2 and q > (n+2)/2 
such that 

p(n + 2) 

fo := /(-, -, -, 0, 0, 0) G M P (Q), g := g(; ; ; 0, 0, 0) G M*+ n + 2 (Q), 
and (b l ) , (<?) , c G M q (Q), i — 1, • • • , n; r — 1, • ■ • , m. Define 

A := B,(6, c, f ) := || |6| 2 || g;Q + ||c|| giQ + || |<f || g;Q . (2.2) 

0A3) o G G L°°(ft, JF T , L 2 (0)), /„ G .M 2 (Q), <? e M 2 (Q) and b, <;, c G £°°(Q). 
(-A4) There exists a nonnegative constant L such that c < L . 

For p G [2, oo), define the functional A p : 

p(n+2) 

A p (w,t>) := u P ;Q+ u U(»+a). , («,v) G M P (Q) X jMp+"+ 2 (Q), 
and the functional H p : 

H p (u, v) := ||«||p;Q 



Definition 2.2. A pair of processes (w,t>) G W^ 2 (Q) x W^(Q) is called a weak solution 
to BSPDE fll.ip if it holds in the weak sense, i.e. for any (p G C%°(0) there holds almost 
surely 

< (p, u{t) > 

= <V 3 >G'>- / < y2, v r (s) > dWJ + / < <p, g(s, Vm(s), u(s)) > ds 



T 



< a x yj, a ij d Xi u(s) + a jr v r \s) + / J '(s, ■, u(s), Vu(s), v(s)) > ds 



(2.3) 



i 



+ y « V ,&\«(s)+c«(s) + fV(s)»^ VtG[0,T]. 



Denote by ^ x ^(G, /, g) the set of all the weak solutions (u, v) G V 2 ,o(<5) x .M 2 (Q) 
of BSPDE (jn). 
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Remark 2.1. Let (u,v) G W^ 2 (Q) x W_|(Q) be a weak solution to BSPDE (Oj) . For 

each C(t,x) = if)(t)<p(x) with y2 G C C °°(C) and V € C C °°(M), in view of ljZ3]) . we have 
almost surely 

«C( S "),^")»-«C(s / ),^')» 
= « CCO - C(A «(0 » + « C(A U(S") - «(s') » 
= [ip(s") - ip(s')) < 9?, u(s") > -H0(s') (< (f, u(s") » - < (p, u(s') >) 

=[#0 - V>0O] < 



fjf g(s,-,u(s),Vu(s),v(s))^> ds - < <p, ^0) > dW r 3 

< a ij d Xi u(s) + a jr v r (s) + f j (s, -,u(s),Vu(s),v(s)) > ds 
+ I < </?, Vd^uis) + cu(s) + s r v r (s) > 



for s" = tj+i and s' = t h where t = t < t x < t 2 < ■ ■ ■ < t N = T, 2 < iV G N and 
U+i — U = ^/iV, * = 1) 2, • • • ,N. Summing up both sides of these equations and passing 
to the limit, we have almost surely 

< C(t), u{t) > 

= <C(T),G>-/ <<9 s C(s), u{s) >cfe- [ < C{s), v r (s) >oWJ 



(2.4) 



T 

< ^.((s), a^ufa) + ^V(s) + / J (s, Vu(s),i;(s)) > ds 



+ J « ((s), ^,m(s) + cm(s) + ?V(s) » (Is 
+ J <C(s),p(a,',«(a),V«(s),v(s))>ds, Vte[0,T]. 
Since the linear space 

^ i/>i(t)<pi(x), (t, x) G R x : iV G N, ^) e C c °°(0) x C C °°(K), i = 1, 2, • • • , iV 



i=l 



is dense in C C °°(M) ® C c °°(£>), (E2D holds for any test function ( G C C °°(M) ® C C °°(C>). 

Under assumptions (.4.1), (*42) and (*43) , we deduce from [22, Theorem 2.1] that 
there exists a unique weak solution (u, v) G (W^ 2 (Q) n S\L\0))) x W£(Q), which 
admits L 2 ((9)-valued continuous trajectories for u, and which is also said to satisfy the 
null Dirichlet condition on the lateral boundary since u vanishes in a generalized sense on 
the boundary dO. Denote by % x T(G, f, g) all the random fields lying in ^ x T(G, f, g) 
which satisfy the null Dirichlet boundary condition. 



S 



3 Auxiliary results 



In what follows, C > is a constant which may vary from line to line and C(a\, a 2 , ■ ■ ■ ) 
is a constant to depend on the parameters a 1; a 2 , ■ ■ ■ ■ 
First, we give the following embedding lemma. 

Lemma 3.1. For u G V2(n t ) with t G [0, T), we have u G M 2<U " f2> (Tit) and 

ll«ll a(n+a) . n < C(n) ||Vtt||?ff +2) esssup \\u(u, s, OII%rm 2) < c ( n ) IMIv 2 (n t )- 

Proof. By the well known Gagliard-Nirenberg inequality (c.f. [13], [16] or [H]), we have 

\Huj,s,-)\\ q Lq{u) < C \\Vu(u,s r )\\ a ^ {u) \\u(u,s,-)\\f^\ a.e. (u,s) eflx [t,T], 

where a = n/(n + 2) and q = 2(n + 2)/n. Integrating on [r, T] for r G [t, T) and taking 
conditional expectation, we obtain almost surely 



E 



\u(s, x)\ q dxds 



< C ||Vu||| n esssup s, Oll&m! 9 ^ C IMIv 2 (n t r 

(w,3)efix[t,T] 



Therefore, w G .M ( «" " (ILJ and 

l|M|U(n+2) < C \\Vu\\^ +2) esssup ||m(w,s, Oll^m^ - C W u \\v 2 (u t ) 
n ' (w,s)enx[t,T\ y ' 

with C only depending on n. □ 
Lemma 3.2. For any r G K. and w G V2,o(n t ) with t G [0,T) we have 

(u-r) + := (ti-r) V0 G V a>0 (n t ). 
Moreover, if {uk, k G N} zs a Cauchy sequence in V2,o(IIt) u>ri/i limit u G V2,o(nt), t/ien 

lim \\(u k - r) + - (u - r) + ||v 2 (n t ) = 0. 
Proof. It can be checked that [u — r) + G "^(IbJ. Since 

|(w — r) + — (f — r) + | < |w — v\, 

Then we have 

\\{u-r) + {s + h) - {u-r) + {s)\\ L 2 {u) < \\u(s + h) - u{s) || L2(n) , Vs, s + h G [t,T\. 

Hence, the continuity of u implies that of (u — r) + . The other assertions follow in a similar 
way. We complete our proof. □ 

In contrast to the deterministic case, the integrand of Ito's stochastic integral is re- 
quired to be adapted, and the technique of Steklov time average (see [TTJ page 100]) finds 
difficulty in our stochastic situation. We directly establish some Ito formula to get around 
the difficulty. 
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Lemma 3.3. Let ^ : R x R" x R — > R be a continuous function which is twice contin- 
uously differentiable such that (f>'(t,x,0) = for any (t,x) eRxl™ and there exists a 
constant M G (0, oo) such that 



sup 

(t,z)eIR' I + 1 ,sGM\{0} 



< M, 



1 1 

J"(t, x, s) I + — V + — x, s) - d t (j>{t, x, 

s z — ' s 

1 1 8=1 

where (fi'(t,x,s) := d s (fi(t,x,s) and 4>"(t,x,s) := d ss (fi(t,x,s). Assume that the equation 

u(t,x)=u(T,x) + J (h°(s,x) + d x .h i (s,x)) ds- £ z r (s,x) dW r s , te[0,T] (3.1) 

holds in the weak sense of Definition ^. 2\ where u(T) G L 2 (Q, JP T , L 2 ((D)); h? G Wj?(Q),i = 
0, 1, • • • ,n; and 2 G W%{Q). If u G Wjjr 2 (<2) n S 2 (L 2 (0)), we /jave a/mosi swe/?/ 

x, tt(i, x)) dx 

o 

4>(T, x, u(T, x)) dx — I I d s (f)(s, x, u(s, x)) dxds 
c Jt Jo 

<0'(s,-,u(s)), z r (s)^> dW r s + I <£(j)'{s,;u{s)),h {s)^> ds (3.2) 

Jt 

T 

< 0"(s, w(s))5 a; .w(s) + ^'(s, u(a)), V(s) > ds 



^ «0"(s,-,«OO), k(s)| 2 »rfs, VtG [0,T]. 



Remark 3.1. Lemma [3.31 extends Ito formulas of [7j and [21] to our more general case 
where the test function is allowed to depend on both time and space variables. The 
extension is motivated by the subsequent study of the local maximum principle where Ito 
formula for truncated solutions of BSDEs is required. 



Proof of Lemma 13.31 All the integrals in (13. 2 p are well defined. In particular, the 
stochastic integral 



/(*):=/ «0'(s,-,n( S )), z r (s)^>dW:, tG[0,T] 
Jo 



is a martingale since 











E 


sup |/(t)| 


<CE 


u 




te[o,T] 







ds 



1/2- 



< \<j)'(s,; U (s))\, \ Z (s)\ > 
<CM\\u\\ S 2(L2(0))\\z\\w%(Q)- 

We extend the random fields u, h° , h 1 , ■ ■ ■ ,h n and z from their domain Q x [0, T] x O to 
Q x [0,T] x R n by setting them all to be zero outside O, and we still use themselves to 
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denote their respective extensions. Since u satisfies the null Dirichlet condition on the 
lateral boundary and dO G C 1 , we have u G W^ 2 ([0,T] x R"). It is obvious that all the 
extensions h°,h\--- ,h n and z lie in W£([0, T] x W 1 ). 

Step 1. Consider h l G W^ 2 (0), i = 1,2, •• • , n. Choose a sufficiently large positive 
integer N so that {x E O : dis(x,dO) > 1/N } is a nonempty sub-domain of O. For 
integer N > N , define 

N := {x G O : dis(x,dO) > 1/N}. 
Let p G C£°(R") be a nonnegative function such that 

supp(p) C £>i(0) and / p(x) dx = 1. 

Define for each positive integer fc, 

p fc (x) := {2Nk) n p(2Nkx), u k {s, x) := u(s) * p k (x) : = / p k (x - y)u(s, y) dy. 

In a similar way, we write 

z k (s, x) := z(s) * Pk(x) and h l k (s, x) := h % (s) * p k {x), i — 1, 2, • • • , n. 
Then for each x G O n , we have almost surely 

u k (t,x)=u k (T,x) + J (d Xi hi(s,x) + h° k (s,x)) ds- J z r k (s,x)dW:,Vte[0,T}. 

By using It 6 formula for each x G O n and then integrating over O n with respect to x , 
we obtain 



Iqn 



(pit, x, u k (t, x)) dx 



= / 0(T, x,Uk(T, x)) dx — / / d s (j)(s, x,u k (s, x)) dxds 
Jo N Jt Jo N 

+ £ <0'(s,-,u fc (s)), fc (s)» o Ws 

+ y <0'(s,-,u fc (s)), d Xi h\{s) > iv rfs 
1 /" T 

-jf <0'(s,-,M fc (s)), z r k (s)^ N dW r s . 

For the sake of convenience, we define 

S(f) k (t, x) :=(p(t, x, u(t, x)) - <f>(t, x, u k (t, x)) 
5u k (t,x) :—u(t,x) —u k (t,x). 



(3.3) 
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and in a similar way, we define 8<f>' k , 5<p k , 8h l k and 8z r k % — 0, 1, • • • , n; r — 1, • • • , m. 
Since for almost all (u, s) G Q x [0, T] 



||wfc(w,s)||vri.2(R") < ||m(w,s)|| w i.2(r-), fe lim j ||5w fe (a;,s)|| w i.2(R™) -> 0; 
ll^fc( w ? s )IU 2 (K™) < ||^V> s )IU 2 (k™), fe lirn ||<5/i°(w,s)|| L 2 (M n) ^ 0; 
IK( w > s )llwi.2(R") < ll^ l (w,s)|Ui.2(iRn), lim ||5/i l fe (u;,s) 11^1,2^) — »> 0,i = 1, 2, 



fc— >oo 



11^(^,5)1^2^) < H^w.sJUia/Rn), lim \\Sz k {u, s)\\ L 2 {Rn) ->■ 0, 
by Lebesgue's dominated convergence theorem, we have as k — > oo 

II^U s )ll^i. 2 ([0,T]xR") + ll^^°( S )llw^([0,T]xIR™) + ll^fc( S )ll^([0,T]xR") 



i=l 



W^ 2 ([0,T]xR") ^' 



E 



E 



+ \\Su k (s)\\^ 

[ [ \6<f> k (t,x)\ dxdt <E [ M <C \uk(t) \ + \u(t)\, \8u k (t)\ » dt 
Jo Jo J Uo 

n\(f)'(s,x,u k (s,x))d Xi h l k (s,x) - </)'(s,x,u(s,x))d Xi h l (s,x) \ dxds 

[ [ (M\5u k (s,x)d Xi hi(s,x)\+M\u(s,x)\\d Xi (Shi)(s,x)\)dxds 
.Jo Je," v / 



^0, 



and 



< E 
i = l,. 

E 

<E 



^0, 



n 




\4>'(s, x, u k (s, x))h k (s, x) — <f>'(s, x, u(s, x))h°(s, x)\ dxds 



T 




'0 JR n 

Since the convergence 



(M\5u k (s,x)h° k (s,x)\ + M\u(s,x)\\5h k (s,x)\) dxds 



->■ 0. 



Urn ||5u fc || w -i,3 ([0)31xR „ ) = 



implies that u k (ou, t, x) converges to u(uj, t, x) in measure dP<^)dt^)dx, from the dominated 
convergence theorem we conclude that 



lim E 



n\d s (p(s,x, u k (s,x)) — d s (f)(s, x, u(s, x))\ dxds 
i 

In a similar way, we obtain 



= 0. 



E 



T 



JO 



b"(s, x, u(s, x))\z(s, x)\ 2 - 4>"(s, x, u k (s, x))\z k (s, x) 



dxds 



->■ 
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and 



E 



sup 

te[o,T] 



/J / / (4>'(s,x,Uk(s,x))zl(s,x) — 4>'(s,x,u(s,x))z r (s,x)) dxdWl 



< CE 

< CE 



1/2- 



|< 0'(s, -,M fc (s)), z fe (s) > R » - < 0'(s, -,«(s)), z(s) >R"| ds) 

/ 

T \ 1/2 

(ll^fc(s)||i2 (M „ ) ||z(s)||i 2(R „ ) + ||0'(s,Mfc(s))||i 2(R „ ) ||5z fc (s)||i 2(IR n ) ) ds) 



— > as fc — > oo. 

Hence taking limits in L 1 (f2 x [0, T], ^) as — > oo on both sides of (13.31) and noting the 
path-wise continuity of u, we have almost surely 



4>(t, x, u(t, x)) dx 

4>(T,x,u(T,x)) dx — / / d s (f)(s, x,u(s, x)) dxds 
o N Jt Jo N 

+ J < <f)'{s, -,u(s)), h°(s) > iv ds 
+ I < (f>'(s,-,u(s)), d x ri{s)^> N ds 



(3.4) 



T 



< 0"(s, -,it(s)), \z(s)\ 2 ^> n ds 



Passing to the limit in L 1 (fi x [0, T], ^) by letting iV — > oo on both sides of (13.41) . in view 
of the path-wise continuity of u and the integration- by-parts formula, we conclude (13. 2p . 

Step 2. For the general h l G W^(Q), we choose sequences {^}, {^} and from 
S^R) <g) C™(0) such that 



IV 



+ IIMIw^ 2 (Q) + ll<M°) IU 2 (0) f = 0. 



i=0 



Consider 



with 



u(t, x) = u(0, x) + J yAu(s, x) + d Xi h t (s, x) — h°(s, x)j ds 

+ f z r \s,x)dW r s) t G [0,T] 
Jo 

h l (s,x) := — d Xi u(s,x) — h l (s,x). 



(3.5) 
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From Remark 12.11 and [5], Theorem 2.1], there are unique weak solutions u G W^ 2 {Q) n 
S 2 (L 2 (0)) to SPDE (E3D in the sense of Definition 1] or equivalently Definition 
4]), and u k G W 1 / (Q) D S 2 (L 2 (O)) to SPDE with u(0,x), z(s,x) and being 
replaced by Uk(0,x), Zk(s,x) and 

hl(s, x) := -d Xi u k (s, x) - h l k (s, x), k = 1, 2, • • • . 



Then we deduce from [5j Propositions 6 and 7, and Theorem 9] that u k G W^ 2 {Q) D 
Wj 2 (Q) nS 2 (L 2 (C>)) and 

fim - + - 

n 

- C l l ]^\\ 5Uk \\w%{Q) + ll<Mw£(Q) + ||*W*(0)||l3(O) + W 5h k\\w%{Q)} ( 3 - 6 ) 

= 

with the constant C being independent of k. For each k, by Step 1 we have 
0(t, x, u k (t, x)) dx 

o 

0(T, x, u k (T, x)) dx — / / d s (j)(s, x,u k (s 1 x)) dxds 
o Jt Jo 

+ J < (f>'{s,-,u k {s)), h° k (s)^>ds 

+ J <^^"(s,;U k (s))d Xi U k (s)+d x ^\s,;U k (s)), d Xi U k {s)^>d S 
+ J <^<P"(s,;U k (s))d Xi U k ( S )+d Xi( p'(s,;U k (s)), h%( S ) > ds 

-\j <^<p"(s,-,u k (s)),\z k (s)\ 2 ^>ds- J <£(j>'{s,-,u k {s)), 4(s) »dWJ, 

for all t G [0, T], P-a.s.. By taking limits as k — > oo, we complete our proof. □ 

Remark 3.2. Let ip : K x IR n x K — Ibea continuous function satisfying the assump- 
tions on in Lemma 13.31 except that for each (t, y), ip"(t,y,s) may be not continuous 
with respect to s. Then if there exists a sequence {(j) k , k G M} of functions satisfying the 
assumptions on in Lemma 13.31 such that 

lim (f) k (t, y, s) = ip(t, y, s) for each (t, y,s) elx W n x R, 

the assertion in Lemma [3.31 still holds for ip. 
Rewritting ( 13.1 p into 

u(t, x) = w(0, x) + J (Au(s, x) + d x Ji\s, x) - h°(s, xfj ds + J z r (s, x) dW r s 
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with 

ft l (s,x) := -d Xi u(s,x) - h l (s,x) } 

we obtain 

Lemma 3.4. Let all the assumptions on <ft of Lemma \3.3\ be satisfied and ( 13. ip hold 
in the weak sense of Definition \2^E with u(T) G L 2 (Q, J? T , L 2 (0)), z G W%{Q), ti G 
W%{Q),i = 1, • - • ,n and ft, G W^-(Q). VFe assume further that (fi'(s,x,r) < M for any 
(s,x,r) £RxR"xl. Ifu G W 1 /{Q)r\S 2 {L 2 (0)), then (Q ftoWs a/mosi surely for all 
tE[0,T\. 

The proof is very similar to that of [SI Proposition 2] and is omitted here. The only 
difference is that to prove Lemma [3.41 we use Lemma [3.31 instead of Lemma 7]. 
Through a standard procedure we obtain by Lemma 13.31 the following 

Lemma 3.5. Let all the assumptions on <fi of Lemma \3. 31 be satisfied. If the function u 
in ( 13. ip belongs to W^ 2 (Q) fl S 2 (L 2 (Q)) with u + G W^- 2 (Q), we have almost surely 



1 



r 



(f)(t,x,u + (t,x)) dx + - / < (j)"{s, -,u + (»), \z u (s)\ 2 ^> ds 



o 2 j t 

4>(T,x,u + (T,x)) dx — / / d s <fi(s, x,u + (s, x)) dxds 
o Jt Jo 

+ J <0(s,-,n + (s)), h°' u (s) > (3.7) 

T 

< 0"( S , •, U + (s))d Xl U + (s) + d Xi <j)\s, ; U + (S)), h^ U {s) > ds 



J « <p'(s,;u + (s)), z r > u (s) » dWJ, t G [0,T] 



with 
and 



ft 1 '" := l{ u > }/i\ i = 0,1, •••,7i 



l {u>o}Z , r — i, • ■ ■ ,m, z .— [z , , z ). 

rl,2. 



z 



Remark 3.3. Note that the assumption u G W ^ (Q) does not imply that u vanishes 
in a generalized sense on the boundary DO and therefore Lemma 13.31 can not be applied 
directly to get the corresponding equation ( 13.11) for u + . 

Sketch of the proof. Step 1. For k G N, define 

L 



4){s) = ij) h (s) := < 



0, s G (-oo, r 
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Then the assumptions on u + imply that tp(u) G W^ 2 (Q). 

Take ip G C c °°(£>) and set V := (pu. Then f G W^iQ). Since (El]) holds in the weak 
sense of Definition 12.21 we have almost surely for any £ G C%°(0) 



T 

0/ 



= < f , ^u(T) > + y < £, <^/i u (s) - d Xi (ph l (s) > ds 

- J < <9,,£, y^(s) > ds - jf" < f , ^ r (s) > dWJ, Vt G [0, T]. 
Hence, there holds 

r(t, x) =r(T, x) + y x) - <9^(x)/i 4 (s, x) + 9 X . (<p{x)ti{s, x))] 

T 

V?(x)^(s,x)dH/;, te[0,T] 

in the weak sense of Definition 12.21 

For (p G C£°(0), by Lemma [3.31 and Remark 13.21 we have almost surely 



2 .. 

<VC^(T)), ^ >+ / <ph°{s)^>ds 

< ^(r( s ))0, ^ r ( s ) > dw;, vt g [o,t]. 



(3.9) 



r 



Choosing </j such that </? = 1 in an open subset C d (9 (i.e., O' <Z O ) and supp(ip) C 0', 
we have almost surely 

1 /" T 

<<^, ^(«(t))>+~ / V'"(^(s))|-2(s)| 2 > ds 



< & i/>(u(T)) > + y < i/;'(u(s))h°(s) > ds 

< d Xi (<pi/;'(u(s))), h l (s) > ds - J < 0, V'(u(*))* r (s) > dWJ 

< <p, ip(u(T)) > +y ip'(u(s))h°(s)^> ds 

< & ^'( M (s))z r (s) > dWJ - y « > da 

< <p, i)"(u(s))d Xi u(s)ti(s) > ds, Vt G [0,T]. 
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Since cp is arbitrary, we have 



ip(u(t, x)) =ip(u(T, x)) + J ip'(u(s,x))h°(s,x) ds — — j ip"(u(s, x))\z(s, x)\ 2 ds 



tfj'{u{s,x))z r {s,x)dW^ - / i;"(u(s,x))d Xi u(s,x)h i (s,x)ds (3.10) 



+ J d x .(ip'(u(s,x))h l (s,x))ds 

holds in the weak sense of Definition 12.21 

Step 2. It is sufficient to prove this lemma for test functions <fi of bounded first and 
second derivatives. Since (13.101) holds for ip = ip k , k = 1, 2, • • • , in view of Lemma [3.41 we 
obtain 

1 f T 

<f>(t,x,ipk(u(t,x)))dx+ -J <0"(s,-,^ fc («(s))), \ip' k (u{s))z u {s)\ 2 > ds 
<f>{T,x,M<T,x)))dx+ I <0'(s,.,Vfc(«(s))), ^'kHs))h^ u {s) > ds 



T 




t JO 
T 



d s (j)(s,x,ij k (u(s,x)))dxds -- / < <j/(s, ■, i/; k (u(s))), i/; k (u(s))\z(s)\ 2 > ds 



< (j)'(s, -,ij) k (u(s))), ipZ(u(s))d x .u(s)h % (s) > ds 

T 

< 0"(S, ^fc(M(s)))^fc( M ( s ))^ M ( s ) 

+ ^0'( S ,-,^(«( S ))), ^(^(S))/1^(S)> ^ 

« ^(«(s))^ M (s) » dw; 



holds almost surely for all t G [0, T\. From properties of 0, we have <f>'(t,x,r) < M\r\ for 
any (t,x,r) G [0,T] x O x R. It follows that for any (s,x) G [0,T] x 0, 

|0'( S ,x,^(w(s,x)))<( M ( S ,x))| < M|^(m( S ,x))||^(m( S ))| 

-i 2 



x) 



hi 



i,|](m(s,x)) (3.11) 



< Ml[i 2](U(S,X)). 

L fc ' A: J 



On the other hand, we check that lim^oo ||^fc(n) — w+ Hvp^ 2 (q) = 0- Therefore, by the 
dominated convergence theorem and taking limits in L 1 ([0,T] x Q, &,M.) on both sides 
of the above equation, we prove our assertion. □ 



4 Solvability of Equation 

Before the solvability of equation (II. ip . we 
[TT| Corollary Bl] and called the stochastic 



(ED 

give a useful lemma which is borrowed from 
Gronwall-Bellman inequality. 
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Lemma 4.1. Let (O, J 7 , F, P) be a filtered probability space whose filtration F = {J-" t : 
t G [0,T]} satisfies the usual conditions. Suppose {Y s } and {X s } are optional integrable 
processes and a is a nonnegative constant. If for allt, s — > SfYglJ-V] is continuous almost 
surely and Y t < (>)E[J. (X s + aY s )ds\ J-" t ] + Yt, then for all t, 



Y t < {>)e a(T - l) E[Y T \F t ] +E 



J e a ^X s ds\T t 



a.s.. 



Theorem 4.2. Let assumptions (Al)-(A3) be satisfied and {h\i = 0,1, •• • , n} C Ai 2 (Q). 
Then % x ^(G, f + h,g + h°) (with h = (h 1 , • • • , h n ) ) admits one and only one element 
(u, v) which satisfies the following estimate 

IMk(Q) + \Hm\q) < C { \\G\\ L ~ (n ^ T>L 2 m + A p (f , g ) + H 2 (h, h )} , (4.1) 
where C is a constant depending on n,p, q, k, A, 0, g, A , T, \0\ and L. 
Proof. Step 1. Let (*43)o be satisfied. From [2"2"| Theorem 2.1], there is a unique weak 



solution (u,v) in the space (W l /(Q) n S 2 (L 2 (0))) x W%{Q). 
Claim (*) : (u, v) G 9/ x y(G, f + h,g + h°). 

We shall prove Claim (*) in Step 2. By Lemma I3.3[ we have almost surely 

h(t)\\ 2 L 2 {0) + J \\v(s)\\ 2 L 2 (0) ds 
=\\G\\h(0) + 2 / < M ( s )> + ctt(a) + S r v r {s) + h°{s) > rfs 



- 2 



< <9^u(s), a^d^uis) + a jr v r (s) 

+ f j (s,-,u(s),\7u(s),v(s)) + h J (s) > rfs 



(4.2) 



r 



<w(s), f r (s) > dWJ + 2 y <u(s), g(s,-,u(s), Vu(s),v(s)) > 
for all t G [0, T]. Therefore, we obtain that almost surely 

f -T 



E 
-- E 
+ 2E 
- 2E 



u(t)\\ 



\\G\\ 2 



mo) + / ll''<- s 



)ds\& 



r 



+ 2E 



T 



<C u(s),g(s, •, u(s), Vu(s),v(s)) 3> ds 



< u(s), Wd Xi u(s) + cti(s) + <^ r (s) + /i u (s) > ds| 

< d Xj u(s), a lj d Xi u(s) + a J V(s) 
+ f{s,-,u{s),Vu{s),v{s)) + h j {s) ^>ds\^ t ], Vt G [0,T]. 



(4.3) 
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Using the Lipschitz condition and Holder inequality, we get the following estimates 

cT 



IE 

< E 



J (< u(s), h°{s) > - < d Xj u(s), h j {s) >) ds\& t 




Hs)\\ 2 lho) + II^OOII^o) + ^Wh&WUo) + e\\Vu(8)\\h {0i ) ds\&t 



(4.4) 



ess sup sup 2E 

wen re[t,T] 



< ess sup sup 2E 

wen re[t,T] 

< 4^u\\l )0t + ei\\v\\l )0t + C(e,e u L)\\u\\l )0t 
+ ess sup sup 2E 



u(s), g(s, •, u(s), Vw(s), v(s)) > ds\& T 



< u(s), g Q (s) + L(\u(s)\ + \Vu(s)\ + \v(s)\) > ds\^ T 



J < [u(s)|, |^ (s)| > ds\3? 7 



oen re[t,T] 

|2 , „ 1 1 „. 1 1 2 i /^/_ _ rML.112 



(4.5) 



< e||Vt4|| 2 . 0( + £i|M| 2;0t +C(e,ei,Ir)||«|| 20t + 2|C> t | 2 v llflo L^ .p IM|2(»+ 



ra+2+p 



n+2+p' 



< e||Vw||| 0t + ei|Ml!; 0t +^( £ > £ i> L )ll M ll|o t + c HI d^ ? lko|l S ( S ^. Ot lk||v 2 (o t ) 

< e||Vtt||| 0t + ei||«||l ;0t + C(e,e u L)\\u\\l. 0t + <f|M|^ (0t) 



+ C(6,n,p, \Q\)\\go\\lin+2 i . 



n+2+p ' 



and 



ess sup sup 2i? 

wen re[t,T] 



< u(s), 6 i (s)(9 :Ci M(s) + c(s) u(s) + ? r (s)t> r (s) > ds\& T 



< (e 



-i i „-i 



£ 1 ) ess sup sup 

wen tg[<,t] 



^ < |6(s)| 2 + |c(s)| + k(s)| 2 , u\s) > rfs|^ r 



+ e||Vu||l. 0t +ei||u||l i0t 
< e|| Vu||Lv + + (e- 1 + e?)BJb, c, q)\\u\ 



■ 



TiO* 



< e||Vu||l ;0t + ei||v||l ; o ( + (e 1 + £ 1 1 )^(&,c,Q||m|| 2 2 ?„ +2 ) ||u|| 2 



2(l-a) 



(4.6) 



< £ l|VM||2; 0i +ei|k||I;O t 

+ (e _1 +£^ 1 ) J B g (6,c,^) (C(n)||n||v 2 (o i )) 2a H«ll2;o7 ( h Y Lemma El]) 

< e||Vu||2; 0t + £l|Ml2;O t + S \\ u \\v 2 (O t ) 

+ C(5,n,q) Us" 1 +£^ l )B q (b,c^)\ T ^ \\u\ 



2 

2;O t 



with a := e (0, 1) and the three positive small parameters e, e x and 5 waiting to be 
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determined later. Also, there exists a constant 9 > g' = such that A — k — (59 > and 



-E 



<-E 



2 < d Xj u(s), a ij d Xi u(s) + <J jr v r (s) + f j (s, u(s), Vu(s),v(s)) > ds\& t 



< (2a ij '(s) - Q<J jr (s)<7 ir (s))d Xi u(s) > dsl^i 



+ 1e 

+ 2E 



K , 



« |V«(s)|, L\u(s)\ + -|V«(s)| + P*W*>)\ + \fo(s)\ » ds\& t 



<-(\-K-p6-e)E 



T 



\\Vu(s) 



\L 2 (0) 



ds\& 



+ C(£)||/ ||| Ot 



< - (A-K- 



r 



+ C{e,L)E 



r 



H s )\\h(o) ds \^t 



e)E 



+ C(e,\Q\,p,L)\E 



\\Vu(s)\\l, m ds\j?, 



U 



»\\h { o)ds\^ t 



+ 



0\\p;Ot 



, V* G [0,T] a.s.. 



Choosing e and e 1 to be small enough, we get 
IMIv 2 (0 t ) + \\ v \\l,o t 

^ T (l|v^)||| 2(0) + |k( s )||| 2(0) )^|^ 

< Ci|||G||i. (n> ^. >£a(0)) + ||/o||J ;0t + \H 2 (h,h°)\ 2 

+ <*IMIv 2 (0*) + C(6, n, q, A ) y ||u(s) ||^ (0<) rfs + C(<f, n,p, \Q\)\\g f 



< 3 esssup sup < \\u(t) \\ L 2r \ + E 
coen re[t,T] 1 



n+2+p 



(4.7) 



with the constant C\ being independent of <5. Then by choosing 5 to be so small that 
C\S < 1/2, we obtain 



II II 2 _L II II 2 

ll M llv 2 (e>t) + \\ V \\2;Ot 

< C I ||G||ico (ni ^. >La(0)) + jT ||u(a) ^(o.) ds + \A p (f , g )\ 2 + \H 2 (h, h°) \ 
Thus, it follows from Gronwall inequality that 

IMIv 2( oo + IMIIU < c{||G|||oc ( ^ Tii2(0)) + \A p (f ,g )\ 2 + \H 2 (h,h°)\ 2 } 
with the constant C depending on T, L, A , A, j3, k, g, n,p, q and \Q\. 



(4.8) 



(4.9) 
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Step 2. We prove Claim (*). It is sufficient to prove (u,v) G V2,o(Q) x -M 2 (<3). 
Making estimates like ( 14. 4D and ( 14. 7ft . we obtain 



l«(*)lli a( o ) + ^ 



II^IIl 2 (o)I^ 



+ 2£ 



w ( s )Hi 2(0) ^|^ 

T 

<C u(s),g(s, -, V«(s),«(s)) 2> L^i 



+ 2£ 



-2£ 



< u(s), Vd^uis) + cm(s) + CV(s) + /i°(s) > ds\& t 



+ P(s, ■,u{s),Vu{s),v{s)) + h j (s) > ds\& t 



(4.10) 



< - (A - k- 

1 1 

+ 



e)E 



\\Vu{s) 



ut 



\L 2 {0) 



ds\& 



+ 
+ E 



e E 



\v(s)\\ 2 L2{0) ds\& t 



\\G\\h {0) \^t + C(s)l\H 2 (f ,g )\'+\H 2 (h,h 



o\\ 2 



+ C(e,X,ft,K,g,L, \\ \b\ \\c°°{Q), \\c\\c°°(Q), II kl \\c°°(Q))E 



\u(s) 



Il 2 (o) 



ds\& 



with the positive constant e waiting to be determined later. Letting e be small enough, 
we have almost surely 



Ht)\\h io) + E 



\\Vu(s)\\i 2i0) + \\v(s)\\ 2 L2{0) )ds\M 



< CU\G\\U {Wm + \H 2 (f ,g )\ z + \H 2 (h, h°)\ 2 + E 
for all t G [0, T\. Then, by Lemma [4.11 we obtain 



W(s)\\ 2 L 2 {0) ds\&t 



esssup sup < \\u(t)\\ L 2/ \ + E 
ojen te[o,T] 1 



\\^<s)\\l 2{0) + \\v(s)\\l 2{0) jds\^ t 
<C{\\G\\1 \H 2 (f ,g )\ 2 + \H 2 (h,h )\ 



with the constant C depending on A, ft, k, q, L,T, \\\b\\\c°°(Q), \\c\\c°°(Q)i HkHU°°(Q)- Hence, 
{u, v) G V 2 fl(Q) x M 2 (Q). We complete the proof of Claim (*). 

Step 3. Now we consider the general case of assumption (.4.3). The existence of 
the solution can be shown by approximation. As p > n + 2 and Ai p (Q) C Ai 2 (Q), 
fo G A4 2 (Q). We approximate the functions b, c, q and g by 



bk '■= bl{\b\<k}, Ck := cl{| c |< fc }, ft := ?l{| ? |<jfe} and g k := g — go + g^, 



(4.11) 



21 



with g$ = g l{\ go \<k}- Then we have 



lim B q (b -b k ,c- c k , q - q k ) + A p (0, g - gfc) = 0. 



Let (u k ,v k ) G V2,o(Q) x A^ 2 (Q) be the unique weak solution to (11. ip with (b,c,q, f, g) 
being replaced by (&£, c^, q., f + h,g k + h°). Then by estimate ( 14. 9p . there exists a positive 
constant C such that 

sup{||«fc||v 2( Q) + KHIq} < Co- 
ken ' ' 

For k, I G N, the pair of random fields (u k i,v k i) '■— {u k — ui,Vk — v{) G V2,o(<3) x -M 2 (Q) 
is the weak solution to the following BSPDE: 

-du k i(t,x) 



(k,l) { 



with 



d x . \a %3 {t, x)d x .u k i(t, x) + a rr (t, x)v r kl (t, x)\ + &£(t, x)d Xj u M (t, x) 

+ c k (t, x)u M (t, x) + q k (t, x)v r kl (t, x) 

+ b J kl (t, x)d Xj ui{t, x) + c k i(t, x)m(t, x) + <f M {t, x)vj(t, x) 

+ g M (t, x, u k i(t, x), Vu k i(t, x),v ki (t, x)) 

+ 9 Xj f k i(t,x,u k i(t,x),Vu k i(t,x),v k i(t,x)) dt 

-v r kl (t,x)dW t r , (t,x)EQ:=[0,T]xO; 
u k i(T,x) =0, x G O 

fa(t, x, R, Y, Z) :=f(t, x,R + u,(t, i),y + Vu/(t, i),Z + u,(t, x)) 

- /(*, X, W;(t, x), Vlii(i, x),Vi(t, X)), 

^/(t, x, i?, Y, Z) :=# fc (t, x, + x), Y + Vm ; (*, x), Z + u/(£, x)) 

- g l (t, x, m(t, x), Vuj(t, x),vi(t, x)), 
(few, cm, Ski)(t,x) : = (b k -b h c k -c h q k -Q)(t,x). 



Since 



ess sup sup 2E 

^en r€[t,T] 



< Ufcj(s), b l kl d Xt ui(s) + c k iui(s) + ^f[(s) > dsl 



< |fe«(^)| 2 + |c fc/ (s)| + Iw(s)| 2 , u 2 kl {s) > rfs|^ T 



< 2e 1 ess sup sup E 

ujen r£[t,T] 

+ ^(l|VuH|| 0i + |MI|oJ 

< E (INIv 2 (Q) + INI|q) +2^ 1 5 g (6 fci ,c fci ,^)lk fc /|| 2 _2 2 _. 0t 



< 



2g 



£:C + *||ww|lv2(Ot) + C (^ n i<l) \ £ B q(hl,Ckl,Skl)\ 2q ~ n ~ 2 ||wfci||2;Ot (by Lemma EH]) , 



in a similar way to the derivation of ( 14. 8ft . we obtain 



\\ u ki\\l 2 (o t ) + {Mil. 



< + \ Ap(^9o-9o)\ 2 + (l + |£ _1 ^(few,c w ,^)| 29 -"- 2 )2 \\u kl (s)\\ 2 V2{0s) ds 
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which, by Gronwall inequality, implies 

II 1 1 2 ii 1 1 2 

II M W||V 2 (<3) + ll V M||2;Q 

/ 2\ r ( 2q \i (A12) 

< C [e+\A p (0,g^- g l )\ ) exp[T \l + \^ 1 B q (b kh c kh <; kl ) " 



2q— n— 2 



with the constant C being independent of k, I and e. By choosing £ to be small and then 
k and I to be sufficiently large, we conclude that (u k , v k ) is a Cauchy sequence in V2,o(Q) x 
A4 2 (Q). Passing to the limit, we check that the limit (u,v) e & x ^(G, f + h,g + h°). 
In view of estimate ( 14. 9 p we prove estimate (14. ip . 

Step 4. It remains to prove the uniqueness. Assume that (i/, v') and (it, v) are two 
weak solutions in V2,o(Q) x A^ 2 (Q). Then their difference (u,v) := (it — it', v — v') G 
% x f(0J,g) with 

/(£, x, K, Z) :=/(*, x,R + u\t, x),Y + Vu'(t, x),Z + v'(t, x)) 

— f(t, x, u'(t, x), Vi/(i, x), v'(t, x)), 

git, x, R, Y, Z) :=g(t, x,R + u'(t, x), Y + Vit'(t, x),Z + v'(t, x)) 

— g(t, x, u'(t, x), Vi/(t, x),v'(t, x)). 

Since /o = 0, go = and u(T) = 0, we deduce from (14. 9p that u = and u = 0. The 
proof is complete. □ 

Remark 4.1. On the basis of the monotone operator theory, Qiu and Tang in [22] estab- 
lished a theory of solvability for quasi-linear BSPDEs in an abstract framework. However 
even for the linear case (/, g) = (fo,9o), out BSPDE (11.11) under assumptions (Al)-(A3) 
falls beyond the framework of Qiu and Tang [22] since our b, c, and q may be unbounded. 

Corollary 4.3. Let assumptions (.4.1) -(.A3) be true, {h\i — 0, 1, • • • , n} C Ai 2 (Q) and 
(it, v) G # x r(G, f + h,g + h°) with h = (h\ ■■■ ,h n ). Let <p : R x R" ■ x R — > R safe/y 
t/te assumptions of Lemma VJ.'d Then we have almost surely 

1 f T 

4>(t, x, u(t, x)) dx H — / <C 0"(s, •, it(s)), |f(s)| 2 ^> ds 
o % Jt 

(f)(T,x,G{x)) dx — I I d s (j)(s,x,u{s,x)) dxds 
o Jt Jo 

+ / < <f>\s, -,u(s)), b i d Xi u{s) + cu{s) + q r v r {s) + h°{s)^ds 



+ / C^'(s,-,m(s)), g(s, •, u(s), Vit(s), v(s)) 3> ds 

T 

< 0"(s, •, u(s))^u(s) + d Xi <f/(s, •, u(s)), a ji 8 Xi u{s) + a ri v r (s) 



+ f(s, •, it(s), Vit(s), v(s)) + h\s) > ds 
<0'(s,-,it(s)), i/(s) >dWJ, WG[0,T]. 
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The proof of the corollary is rather standard and is sketched below. 



Remark 4.2. In a similar way to Remark I3.2[ our corollary also holds for ip in Remark 
1531 

Sketch of the proof. First, one can check that all the terms involved in our assertion 
is well defined. Similar to the proof of Theorem I4.2[ we still approximate (b, c, q, g) by 
(b k , Ck, ft., g k ) which is defined in ( 14. lip . By Theorem 14.21 there is a unique weak solution 
(u k ,v k ) to ([HI]) with (b,c,q,f,g) being replaced by (b k ,c k ,q k ,f + h,g k + h°). Then by 
Lemma [3.31 we have for each k G N, 



1 



r 



(f)(t,x,u k {t,x)) dx + - < 4>"(s,-,u k {s)), \v k (s)\ > ds 



o 2 j t 

(j)(T,x,G(x)) dx — I I d s (j){s,x,u k {s,x)) dxds 
o Jt Jo 

+ J < <f/(s, Ufc(s)), b\d Xi u k (s) + c k u k (s) + s r k v r k (s) + ^°( s ) > rfs 
+ / (f)'(s } -,u k (s)), g k (s,-,Uk(s),Vu k (s),Vk(s)) ^> ds 



(4.13) 



T 



< (f)'(s r ,u k (s)), v r k {s)^>dW r s 



T 

< 0"(s, •, Mfc(s))9 Xi M fc (s) + d Xi 4>'(s, •, Ufc(s)), a Jl d Xj u k {s) + <r r X( s ) 

+ f (s, •, Mfc(s), Vu k (s),v k (s)) + h\s) > rfs 

almost surely for all t G [0, T]. On the other hand, from the proof of Theorem 14.21 it 
follows that 

lim {||w - u k \\v 2 (Q) + \\v - v k \\ 2;Q } = 0. 

Hence passing to the limit in L l (Q, and taking into account the path- wise continuity 
of u, we prove our assertion. □ 

We have 

Proposition 4.4. Let assumptions (Al)-(A3) be satisfied, {h l , i — 0, 1, • • • , n} C M. 2 (Q) 
and (u,v) G x Y(GJ + h, g + h°) with h = (h 1 , • • • , h n ) and u + G V 2 ,o(Q)- Let 
<p : R x ]R n x R — ^ R satisfy the assumptions of Lemma \3.3[ Then, with probability 1, 
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the following relation 



1 r T 



<f)(t,x,u + (t,x)) dx + - / < (j)"(s, -,u + (s)), \v u (s)\ 2 > ds 



o 2 Jt 

<p{T 1 x 1 G + {x)) dx — I I d s (j){s 1 x ) u + {s,x)) dxds 
o Jt Jo 

T 

« (f>"{s, ■, u + (s))d Xz u + (s) + d Xi <f>'{s, u+(s)), a^{s)d x .u+{s) 
+ a ri {s)v r ' u {s) + f l ' u {s) > ds 
+ J < 0'(s, w+(s)), b i {s)d x .u + {s) + c(s) u+0) + <?{s)v r ' u {s) > 

+ y <0'(s,-,m + (s)), g u (s) ^>ds- <^0'(s,-,u + (s)),v r ' u ^>dW' 

holds almost surely for all t G [0, T] where 

g u (s, x) := l{( s , x ):u(«,x)>o}(s, a?) + ar, a:), Vu(s, x), v(s, x))) ; 
f l ' u {s,x) := l{(s,xy.u(s,x)>o}(s,x) (7i l (s, x) + f(s, x, u(s,x) , V«(s, x) , v(s, x))) , 
i = Q,l,--- ,n; 

and 

w u : = . . . , 17 m '«), x ) : = l { ( 8iX)at ( aiX)>0 }(s, zK(s, x), r = 1, ■ ■ • , m. 

The proof is very similar to that of Lemma 1331 and is omitted here. The main difference 
lies in Step 1 where we use Corollary 14.31 and Remark 14.21 instead of Lemma 13.31 and 
Remark 13.21 

5 The maximum principles 
5.1 The global case 

Theorem 5.1. Let assumptions (.4.1) -(.A4) hold. Assume that (u,v) G V 2 ,o(Q) x M 2 (Q) 
is a weak solution of M.l\) . Then we have 

ess sup u(u,t,x) < C < ess sup t, x) + A p (f , g$) + ||m + ||2 ; q > (5.1) 

(u,t,x)eQxQ I (u!,t,x)eflxdpQ 1 

where C is a constant depending on n,p,q, k, A, (3, g, A , L ,T,\O\ and L. 

Remark 5.1. By the inequality ess sup^ tX ) e axd Q u + (u, t, x) < L±, we mean that (u — 
Li) + e V 2 ,o{Q) and with probability 1, for any ( G C™(0), there holds 

lim <C, (it(t)-Li) + »=0. 
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Remark 5.2. In Theorem 15. 1[ assume further that 

esssup \u(u,t,x)\ < Li < oo. 

(uj,t,x)eVtxd p Q 

We have u G C°°(Q) and 

||«||oo;Q < C {Li + A p (/o, #o) + IMUq} (5-2) 

where C is a constant depending on n,p, q, k, A, /3, £>, A , L , T, \0\ and L. 

We start the proof of Theorem 15.11 with borrowing the following lemma either from 
[U Lemma 1.2, Chapter 6] or from [16| Lemma 5.6, Chapter 2]. 

Lemma 5.2. Let {a k : k = 0, 1, 2, ■ • • } fre a sequence of nonnegative numbers satisfying 

a k+1 <C b k a\ + \k = 0,1,2,- •• 
where b > 1, 5 > and Co zs a positive constant. Then if 



_i i 

ao < % ■= C s b 



we have lim^oo a k = 0. 



Sketch of the proof. We use the induction principle. It is sufficient to prove the fol- 
lowing assertion: 

a fe <%/c = 0,l,2,..., (5.3) 



7/ n 

with the parameter v > 1 waiting to be determined later. It is obvious for k = that 
(15.31) holds. Assume that (15. 3p holds for k = r. Then we have 

a r+1 <C b r al +5 <C b^ 6 °^ 1+5 - 6o Cobr65 ° 



Taking v = b^ > 1, we obtain 



^ #0 ^ /j<5 ^0 
' — - r+1 u u 7/^+1 



□ 

Corollary 5.3. Let (f) : [ro, oo) — > M + fre a nonnegative and decreasing function. More- 
over, there exist constants C\ > 0, a > and ( > 1 swc/i £/iai for any I > r > r , 

*(0 ^ (T^^ r ) C - 

T/ien /or 

d>Cf 10^0)1^2^1, 



we /iai>e 0(r o + d) =0. 
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Sketch of the proof. Define 

r k := r + d- k = 0, 1,2, •• • . 

Then 

In view of our assumption on d, since 



1 



</>(r ) < #0 = -J— 2 (^F = d~ C l Q -'2 Tc^rp 



d 

we deduce from Lemma I5T21 that lim^oo 0(r fc+1 ) = 



□ 



Proof of Theorem 15.11 Assume that Lq = 0, or else we consider u(t, x) := e Lot u(t,x) 
instead of u. It is sufficient to prove our theorem for the case 

esssup u + (u,t,x) < 00. 

Then for k > ess sup {uitx)enxdpQ u + (u, t, x), we have (u-k,v) x V{G - k,f k ,g k ) 

with 

(f\ g k ) (u, t, x, R, Y,Z):= (f, g) (u, t,x } R + k, Y, Z) + (0, c(u, t, x)k) 

for (u, t, x,R,Y,Z) GOx[O,T]x0xIx E n x R m . From Proposition S3 we have almost 
surely 

T 



\(u(t,x) - k) + \ 2 dx+ / ||«fc(s)||ia(o)ds 



O Jt 

-2 y <^.(«(s)-A;) + , 

0^14(5) + <r* r v r k (s) + (f k y(s, ■, (u(s) - k) + ,Vu(s),v k (s)) » ds 
+ 2 J < - fe^it^) + c (u(s) - k) + + ^X(s) > ds 

+ 2 [ < (u(s) - A;) + , flr fc (s, •, (u(s) - k) + , Vu(s),v k {s)) > rfs 



2 / « («(*) - k)+, v r k (s) » dW?, V t e [0, T] 
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with v k '■— vl u>k . Therefore, we have 

/ \(u(t,x) - k) + \ 2 dx + E [ \\v k (s)\\ L2{0) 
Jo l Jt 

« d Xj (u(s) - k) + , a ij d Xi u(s) + <J jr v r k (s) 

+ (f k Y (S, ; (U( S ) - k) + , Vu(s),V k ( S )) » ds\& t 



= -2E 



+ 2E 

+ 2E 
Note that 



J < (u(s) - A;) + , b%.u(s) + c (u(s) - k) + + q r v r k (s) > ds|^i 



ess sup sup 2£" 

n re[t,T] 



J <^(u(s)-k) + , g k (s) ^ ds\^ 

i_i 

< 2||(.gfn) + || p(n+ 2 ) . c1 || (m - k) + \\ 2( n +2) . c \{u > k}\^.£ t (Holder inequality) 

< 5\\(u - fc) + || W + C(5)\\(g k Q ) + \\^ \{u > kjd 

< *||(u - AO+lllU)^ + C(*,p, L) (|A p (/ , g+)\ 2 + A; 2 ) |{« > k}^ , 



ess sup sup 2i£ 

wen ts[*,t] 



^< - k) + , b l d Xt u( S ) + C (U( S ) - k) + + C^X(S) >ds|^r 

< |6(s)| 2 + |c(s)| + k(s)| 2 , \(u(s) - A;)+| 2 >rfs|^ T 



< C(e) ess sup sup E 

coen re[t,T] 

+ e(\\V(u-k) + \\l 0t + \\v k \\l 0t ) 

< e (||V(« - A:)+|| 2 ;0t + |M| 2 ;0t ) + C7( e )Ao||(« - k) + \\\ 

< e (||V(« - A;) + || 2 ;0t + K|| 2 ;0t ) + tf||( u - A;) + || 2 2(n+2) 
+ C(5,n,q,e,A )\\(u-k) + \\ 2 2 . Ot , 

and 



2£ 

< eE 

< eE 

< eE 



J 1 '<|V(«(s)-fc) + |, |/ fe (^)l»^ 
^ T ||VK S )-A:) + ||| 2(0) rf S 
||VKs)-A;) + ||| 2(0) rfs 
jT ||VK S )-A;) + ||| 2(0) rf S 



+ C(e) J E? 



Il/o l«>fc(s)|lL(o) ds 



+ C(e)\{u>k}Cl t \\f k \g Ot 



+ C(e,p,L) (\A p (f ,g+)\ 2 + k 2 ) \{u > k}\ l ^ 0t ,a.s. 
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where e and 8 are two positive parameters waiting to be determined later and 

\{ u > ^}looc t := ess sup sup E [\Q T H {u > k}\\^ T ] . 

n re[t,T] 

similar way to (14. 5 p and (14.71) in the proof of Theorem I4.2[ we obtain from (I5.5P and 
fl52D that with probability 1, for all te [0,T] 



In a 



« d Xj (u{s) - k) + , a ij d Xi u(s) + <J 3r v r k (s) 
. Jt 

+ (f k y( S , ; (U( S ) - k)+, Wu(s),V k ( S )) » ds\& t 



< - (A - k - (36 - e)E 



\\V{u{s)-k)+\\l 2{0) 



ds\&; 



'1 1 



-)E 



IKO) ||i2 (0) ds\& t 



+ 



C(e,L)E 



(s)-k) + \\ 2 mo) ds\* 



u 



+ 2E 

<-(\-K-p6- 2e)E 



{\V{u{s)-k) + l\f*{s)\)ds\<? t 

\\V{u{s)-k) + \\ 2 L2{0) ds\& 



(5. 



l|Ufc(s)||ia (0 ) ds\& t 



and 



+ C(e,L)E j \\(u(s)-k) + \\ 2 L2{0) ds\^ t 
+ C(e,p,L) (\A p (f ,g+)\ 2 + k 2 ) \{u > fc}^ 



2E 



(u(s) - k) + , g k (s, (u(s) - k) + , Vit(s), v k (s)) > ds\^ T 
i\W\\lo t +C{e,e^L)\\{u-k) + \\l 0t 



ess sup sup 

n re{t,T} 

< e||V(u - k) + \\ 2 2 . 0t + £i\\v k \\ 2 . 0t -r ^yt,ti,i^)\\yu - h) ||; 

+ ess sup sup 2E [ < (u(s) - A;) + , #o( s ) > ds| J^v 
n re[t,T] Ut 

< e||V(« - k) + \\l 0t + £l ||^|| 2 2 . 0t + C(e jeil L)||(« - k) + \\ 2 2;0t 

+ C(L,8,p) (\A p (f ,g+)\ 2 + k 2 ) \{u>k}d 



(5.9) 



+ 5\\{u-k) + \\ 2 {n+2) 
where e, £i and 5 are four positive parameters such that 

■Ei < 1 and A - re - /36 1 - As > 0. 



1 1 



p 

> !,- + - + £ 

Q — 1 £> V 
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Combining Q, (jOj) . and we have 

ll(«-A0 + lli«M + IL - 112 



IV 8 (Oi) ^ H u fell2;O t 

< c{c(5)||( u - + j||(ti - ^) + || W 0t (510) 

+ C(<5) (|A p (/ ^ + )| 2 + A; 2 ) |{« > k}Cl 

where C is a constant independent of t and 5. 

By Lemma |3TT| V2,a(O t ) is continuously embedded into M. n (O t ). That is 

||0 - k) + \\2 i n+2 1 < C\\(u - A;) + ||v 2 (o t )- 

n 1 

Therefore, choosing 5 to be small enough, we obtain 

||(« - k) + \\% n+2) <C\\(u - k) + \\l 0t + C (|A P (/ ,^)| 2 + A; 2 ) |{„ > k}(~l t 
<C(|T-t||0|)^||( M -A;) + ||W 

+ C(|A P (/ ,^)| 2 + A; 2 )|{n>fc}|^|. 

Choosing ^ G [0,T) such that C(|T - < §, we get 



||(« -A0+||W < C(|A p (/o^o + )r + ^)l{«>^}U 

where the constant C does not depend on t\. 
Define 

^:R^R, ^(h) = \{u>h}\ oo;0ti . 

Since for any h > k, 



•O -- V" I L» - -J loo;©*! ' 



iio-aoiiw,. >(*-*o 2 i{«>Mir 

taking > -A p (/ ,^o") we have 



which implies 



Ck 2 2 



Ck a 

m < jh^w ml+s (5 - n) 



where a = and e = 2(p ~"~ 2) > 0. Take ^ = k(2 - 2~ l ), I = 0, 1, 2, • • • . Then from 

Ck a 
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it follows that 



By Lemma I5T21 there exists a constant 6q = 6 (C,e) > 0, such that if ipi^o) < &o, 
limi^. 00 i/;(ki) = 0. Note that k = k and i/j(h ) — \{ u > k}\oo-o ■ 
Taking 

_ i 

k= esssup u + (u,s,x) + A p (f ,g£) + 9 2 \\u + \\2;o tl , 

(u>,s,x)££lxd p Q 



jfc 2 >i|| u +ii 2 - 1 ? ' 2 



we have 

^ l|n+ll ^-^^ l{n>A;}L ^ 

which implies 

^(k ) = \{u>k}\ oo . )Oti <e . 

Hence, VK^oo) = 0. Since koo = 2k, we obtain 



esssup u(u, s, x) < 2k = 2 < esssup u + (u, s, x) + A p (f , g^) + 8 2 \\u + \\2-q 

(uj,s,x)£QxO tl I (oj,s,x)ef2x9 p <3 

As T — ti only depends on the structure terms like n, A, k, (3, g,p, q, L, A , \0\ and T, by 
induction, we get estimate (15. ip . □ 

Theorem 5.4. Let assumptions (*4l)-(*44) be satisfied and (u,v) G V2,o(Q) x M. 2 (Q) be 
a weak solution of U.l\) . If Lq = and with probability 1 



f(t, x, R, 0, 0) = f(t, x, 0, 0) and g(t, x, R, 0, 0) are decreasing in R G 
for all (t,x) G [0, T] x IR n , t/ien we assert 



(5.12) 



esssup i, x)< esssup w + (co>,t, x) + CA p (f ,g^)\O\ n + 2 p (5 13) 

(w,t,x)eQxQ (u>,t,x)enxd p Q 

with the constant C only depending on n,p, q, k, A, (3, g, T, A and L. 



Proof. We use De Giorgi iteration and the same notations in the proof of Theorem 15.11 
Similar to the proof of ( 15. 5 p and ( 15. 7p . under condition ( I5.12p . we have for each t G [0, T], 



esssup sup 2E 
n TE[t,T] 

< ess sup sup 2E 

n re[t,T] 



J < (u(s) - k) + , g$(s) > da\& T 

T 

< (u(s) - k) + , g (s) > ds\^ T 
<S\\(u - fc) + || 2 2(w+2) ,„ + C{5) \A p (f ,g+)\ 2 \{u > 
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(5.14) 



and almost surely 



2E 
=2E 

<eE 



J T <\V(u(s)-k) + \, \f^s)\^>ds 
^« \V(u{s)-k) + \, \f (s)\ »ds 



(5.15) 



|V(w(s) - k) + \\ 2 L2{0) ds 



+ C(e)\A p (f ,g+)\ z \{u>k}\ o ;i. 



Hence instead of (15. lip , we obtain 



m < {h _ k)a m . 



By Corollary 15.31 f° r any 6 > CA p (f , g$ )\O tl \ n + 2 p, we have 



u> ess sup u + (u, t, x) + 9 

(uj,t,x)£Qxd p Q 



0. 



(5.16) 



oo;O tl 



which implies 



sup u< sup u + + CA p (f ,g+)\O tl \™+2 v 



(5.17) 



where the constant C depends only on n, A, p, q, (3, k, g, A and L. As T — 1\ only depends 
on the structure terms, by induction, we get estimate ( 15. 13ft where the constant C also 
depends on T. We complete the proof. □ 



Remark 5.3. In Theorem 15 A\ we can dispense with the assumptions that L = and the 
function r i-> g(t, x, r, 0, 0) decreases in r, by considering the function u := e 2( - L+L ° •**«(£, x) 
instead of u. 

Corollary 5.5. Let assumptions {Al) -(-AA) be satisfied with L = 0. Let the two pair 
{fig 1 ) and (f,g 2 ) satisfy condition (15. 12[) in Theorem \5.4\ Assume that G 1 and G 2 are 
two random variables in L°°(f2, J^, L 2 (0)). Let {u u Vi) G % x y(G\f,g i ), i = 1,2 
and (iti — u 2 ) + G V2,o(Q)- r/ien z/ G 1 < G 2 dP ® dx-a.e. and g 1 ^, t, x, u 2 , Vu 2 , i> 2 ) < 
g 2 (w, t, x, u 2 , Vu2, ^2)) dP®dt®dx-a.e., we have Ui(u>, t, x) < u 2 (u, t, x), dP®dt®dx-a.e.. 

Proof, (ui — u 2 , v\ — v 2 ) belongs to % x Y(G, f, g) with 

/(s, x, i?, F, Z) := /(s, x, i? + w 2 (s, x), F + Vm 2 (s, x),Z + v 2 (s, x)) 

- f(s, x, 1*2(5, x), Vm 2 (s, x),v 2 {s, x)), 

x, .R, F, Z) := ^(s, x, R + u 2 (s, x), F + V« 2 (s,x), Z + u 2 (s,x)) 

- g 2 (s, x, it 2 (s, x), Vm 2 (s, x), v 2 (s, x)) 

and G := G 1 — G 2 . Since G < 0, go < and /o = 0, the assertion follows from Theorem 
1531 □ 
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5.2 The local case 



This subsection is devoted to the local regularity of weak solutions. 

Definition 5.1. For domain Q' C Q, a function ((■, •) is called a cut-off function on Q' if 
(i) C e Wf' 2 (<3')> i-e. there exists a sequence £ N} C C™(Q') such that 



|V(C ; - C)(t, *)| 2 + |V 2 (C' - C)(*, ^)| 2 ) ' " 



converges to zero as I tends to infinity with V 2 (C' — CX^^) being the Hessian matrix of 
the function (( l — ()(t, ■) at x; 

(ii) o < C < i; 

(hi) there exists a domain Q" (s Q' and a nonempty domain Q'" d Q" such that 



C(t,x) 



1, (t,x)eQ w , 
0, (t.z) GQ'\Q"; 



(iv) |vc|,^Ce^°°(Q')- 

For simplicity, we denote 



I|VC||l°°(Q') := |||VC|||l°°(q')- 



First, to study the local behavior of our weak solutions, we shall generalize the de- 
terministic parabolic De Giorgi class (c.f. jH [161 El 125]) to our stochastic version and 
introduce the definition of De Giorgi class in the backward stochastic parabolic case. 

Definition 5.2. We say that a function u £ V2,o(Q) belongs to the backward stochastic 
parabolic De Giorgi class (BSPDG, for short) if for any k £ R, Q P)T := [to— t, t )xB p (xo) C 
Q (with p, r £ (0, 1)) and any cut-off function £ on Q PtT , we have 

IIC(« -*)*!! W) 
<7{ll(« - ^) ± II|q p , t (i + Iivcili- W „ T ) + llfcCllz-w^)) (3)±) 

+ (A; 2 + a 2 )|{( M -fc) ± >0}|^L} 

for some triplet (a , /i, 7) £ [0, 00) x (n + 2, 00) x [0, 00). We call a , \i, and 7 the structural 
parameters of BSPDG ± . We mean that u £ V2,o(Q) satisfies (33 + ) ((2D - ), respectively) 
by the inclusion w £ BSPDG + (ao, 7; Q) (w £ BSPDG~(ao, {J,,j;Q), respectively). 
We say it £ BSPDG(a , //, 7; Q) if both inclusions w £ BSPDG + (a , /1, 7; Q) and w £ 
BSPDG-(a ,n,r,Q) hold. 

Proposition 5.6. Let assumptions (^4.1)— (^4.3) /io/d. Assume that (u,v) £ V2,o(Q) x 
.M 2 (Q) a u>ea£; solution of U.l\) . Then we assert that u £ BSPDG{ao, //,7;(J) ; ura't/t 
a := A p (fo, go), fi := min{p,2g}, and some parameter'-)' depending on n,p,q, k, X, (3, 
q, A, A and L. 
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Remark 5.4. It is worth noting that in this proposition, assumption (.44) is not made. 

The proof requires the following lemma. 

Lemma 5.7. Let assumptions (Al)-(A3) hold, ( be a cut-off function on Q P:T := [t — 
t, t ) x B p (xo) C Q, and (u,v) G V2,o(Q) x J\A 2 (Q) be a weak solution of U.l\) . Then, we 
have almost surely 

"2/ + \ |„,+/j\|2 ^ , / „ tit „\ \„M( 



< ( 2 (t), \u + (t)\ 2 ^> Bp{xo) + J < C 2 (s), \v u (s)\ 2 > Bp(xo) c2s 
- y° 2<C<9sC(s), |M+( S )| 2 > Bp(a;o) rf S 

+ [°2^( 2 (s)u + (s), g u (s)^ Bp{xo) ds 

to ( 5 - 19 ) 

+ y ° 2 « C 2 (s)m + ( S ), + c(s) + <f (sK'"(s) » Bp(:E0 ) ds 

t0 « 2^(C 2 (s)n + ( S )), a^c^s) + a ir (s)v r ' u (s) + f> u (s) ^> Bp{xo) ds 



J ° 2 « ( 2 (s)u + (s), v r > u (s) » Bp(a;o) dWJ, Vt G [t - r,t j 



g u {s,x) := l{(s,xy.u(s,x)>o}(s,x)g(s,x,u(s,x), Vu(s, x),v(s, x)); 

f' u (s, x) := 1{{s,x):u{s,x)>o}{s, x)f l (s, x, u(s, x) , Vu(s, sc), v(s, x)), % = 0, 1, • • • , n; 

and 

v u ■= (V^, . . . , v m ' u ), v r > u (s : x) := l{( a , x ):u(.,x)>o}(s, x)v r (s, x), r = 1, - • • , m. 

The proof of this lemma is rather standard and is sketched below. 

Sketch of the proof. We use approximation. By the definition of a cut-off function, all 
terms of (I5.19P are well defined and there is a sequence I G N} C C%°(Q PiT ) such that 
w'l' 2 {Q p , T ) ~ 0- m y i ew °f Definition \2J2\ and Remark [2H1 we verify like in 
Step 1 of the proof of Lemma 13.51 that for each / there holds 



C l u(t, x) = j [d x , ^d Xi (C l u)(s, x) + * jr ( l v r (s, x) + fj(s, x)) + b%. (( l u)(s, x) 

+ c( l u(s,x) + <; r C l v r (s,x)+gi(s,x) ds - J C, l v r {s,x) dW r s , t e [0,T] 

in the weak sense of Definition 12. 2\ where 

gi(s, x) := - d s ( l u(s, x) + ( l (s, x)g(s, x, u(s, x), Vu(a, x),v(s, x)) 

-b i d Xi C l u(s,x)-d x .C l fl(s,x), 
fi(s, x) := a l 'd Xi u(s, x) + a' r v r (s, x) + f(s, x, u(s, x), Vw(s, x),v(s, x)), 
fi(s,x) := - a l 'd x X l u{s,x) + ( l (s,x)f(s,x,u(s,x),Vu(s,x),v(s,x)). 
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Thus, (( l u,C l v) G x ^(0, fi,gi). From Proposition S3] we conclude that (15. 19|) holds 
with ( being replaced by £ . Passing to the limit in L x (f2 x Q) and taking into account 
the path-wise continuity of u, we prove our assertion. □ 



Proof of Proposition 15.61 Consider the cylinder 

Q P , T (X) = X + [-r,0) x B p (0) C Q with X := (t ,x ). 

For simplicity, we denote Q P)T (X) and B p (xo) by <5p, r and £> p respectively. Let ( be a 
cut-off function on Q P>T . Denote u :— (u — k) + . From Lemma I5TTI it follows that 



E 
-E 
+ E 

- E 

— E 



to 



\\<(t)u(t)\\l*(B p) + J \\<(s)Vk(s)\\h {Bp) ds\& t 
to 

2 < ( 2 (s)u(s), g k (s,-,u(s),Vu(s),v k (s)) > Bp dsl^i 



to 



2 « ( 2 {s)u(s), b\s)d Xi U{ S ) + C(S) + ^(S)v r k (s) »n 1^ 



y ° 2 « C(s)5 5 C(s), |w(s)| 2 » Bp tfe|^i 



(5.20) 



*Q 



« 2d Xi (C 2 (s)u(s)), a ij (s)d Xi u(s) + <ji r (s)vl(s) 



+ (/7(s,-,tt(s),Vu(s),t; t (s)) > Bp ds\& t 

holds almost surely for all t G [to — T, to) where := fl u >fc and for (u,t,x, R,Y, Z) G 
Ox[t o -r,i o )x0xtxrx ]R m 

(/ fc , ^ fc )( W , t, x, i?, y, Z) := (/, s)(u;, t, s, i* + k, Y, Z) + (0, c(u, t, x)k). 

In view of (14. 5ft - (14.71) and fl5.5p - fl5.9l) . we have almost surely for all t G [to — t, to) 

"t 



E 

< E 



2 < C 2 u(s), g*(s, u(s), ViZ(s), Vfc(s)) > Bp ds 



to 



2 « C 2 m(s), s fc ( S ) + L(|«(s)| + \Vu(s)\ + \v k (s)\) » Bp d S |J^ 



< 



zi\\(u\\ 2 V2{Qp!t) +e 2 E 



to 



\\as)v k (s)\\i HBp) ds\& t 



+ C'(i)||VC||^ ( Q_ ) ||n||^ +C'(e 1 , J L,rz,p)(|yl p (/o,^o)| 2 + fc 2 )|{^ > ^}|^ ; ^ 



+ C(e 1 ,e 2 ,L)\\Cu\\i^ r + E 



/to 
2<C 2 «(s), \c(s)k\ > Bp ds|^ t 
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E 
<E 
< E 

E 



2 < ( 2 u(s), \c(s)k\ > Bp ds\& t 
J <C 2 |m(s)| 2 , \c{s)\ ^> Bp ds\^ t 
£°<.( 2 \u(s)\ 2 , \c(s)\^ Bp ds\& t 



+ k 2 E J |<C 2 (s), \c(s)l u>k \^> Bp ds\^ t 
+ k 2 A \{u>k}C^, 



J ° 2 « ( 2 (s)u(s), Vd Xt u(s) + cfZ(s) + <?v r k {s) »B P 



<^illC^llv 2 ( Q(0 ^) + ^ 2 ||C^lll ;Qi0 ^ -h ^ill vcili^cQ,,^)!!'"!!!^,^ 



+ C(e 1 ,e 2 ,n)E 



J ° « ( 2 u 2 (s), \b(s)\ 2 + \c(s)\ + k( S )| 2 » Bp 
<£i||C«|Iv 2 (q p , t ) +£2||C^I| 2 ;q p , t +£i||VC|||- (QpiT) ||w||| QpT + C(e 1 ,e 2 ,n)A \\(u\\ 2 j 1 _. QpT 

<2£i||C^IIv 2 (q^+£2||C^|||q p , t + £i||VC||!^ (q ^||«||| Qp , t 
+ C(ei,e 2 ,n,g,Ao)||Cw||l;Q / , iT 

and 



to 



-IE 
= -2E 
— AE 



« d Xj (( 2 u(s)), a ij d Xi u(s) + (T jr v r k (s) + (f k y(s,u(s), Vu(s),v k (s)) ^ Bp ds\& t 
<< ( 2 d Xj u(s), a ij d Xi u(s) + <J jr v r k {s) + (f k y(s,u(s), Vu(s),v k (s)) ^> Bp ds\^ t 



to 



« u(d Xj ((s), a l W Xi u(s) + <y ]r vl{s) + (f k ) j (s,u(s), Vu(s),v k (s)) ^> Bp ds\& 



to 



IICv^)||! 2(Bp) ^|^ t 



+ a E 



f° \\Cvk{s)\\l* {Bp) ds\& t 



+ C \\(u\\l, Qp , T + {\A p (f ,9o)\ 2 + k 2 ) \{u > k}\~l pT 



+ CE 



to 



« \uV((s)\, \f k (s)\ + \u(s)\ + \(Vu(s)\ + \(v k (s)\ » ds\& t 



< -(X -e)E 

+ c(||vciii 



to 



\Mfr(*))\\h ( B p )d8\*t 



+ (a + e)E 



to 



\\C,v k {s)\\l, {Bp) ds\^ t 



{Q p , T )\\ U \\l;Q p , 



H\\q p , t + (l^(/o,^o)| 2 + k 2 ) \{u > k}\~l pT 



with C := C(e,p, A, j3, g, k, A, L), where a G (0,1) and A are two positive constants 
depending only on structure terms such as K,p, A, g, (3, A and L, and the three parameters 
e, £i,£2 are waiting to be determined later. On the other hand, it is obvious that almost 
surely 



-E 



^°2<C^C(s),|«(s)| 2 >b p ds 



<2||9 s C||^(Q„ r )ll^ll2;Q p , r , Vte[t -T,t ). 
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Therefore, combining the above estimates and (15.201) and choosing the parameters e, E\ 
and 62 to be small enough, we obtain 



IIC(«-fc) + llL, 2 ;Q p , T + l|V(C(«-A:) + )||| Qp , T 
<7{(1 + l|VC||i- Wp , T ) + \\dtC\\L^ Qp , T) )\\{u - k) + \\l QpT 

+ {k 2 + \A p (f , g )\ 2 ) \{(u - k) + > 0}|L~gf 



where 7 is a positive constant depending on the structure terms such as n, p, q, k, A, g, (3, L, A 
and A . Hence u G BSPDG + (a , /1, 7; Q). 

In a similar way, we show u G BSPDG~(a , /x, 7; Q). The proof is complete. □ 

Theorem 5.8. If u G BSPDG ± (ao, /i,7;Q), we assert that for any 

Q P = [to, t + p 2 ) x £ p (x ) C Q, p E (0, 1), 

t/iere /ioWs 

esssupu <C^p 2 \\u^\\ 2 ;Q p + a p » \, (5.21) 

where C is a constant depending only on a ,p,7 and n. 
Proof. Consider u G BSPDG + (a ,p, 7; Q). Take 

J% = f + 2^1. *l = *(2-^), 1 = 0, 1,2,.-. 

where fc is a parameter waiting to be determined later. Denote Q l := = [t ,t + Rf) x 
Br^Xq). Choose (1 to be a cut-off function on such that 

1, (t,x)EQ l+1 ; 

u,/ " n ^ 0, (t,x)Gg'\g« i+ « i+1 



and 



l|V0lli- (Op ) + II^Ci|lL- ( g p )< (Vl) 



(Rt-R l+ i) 2 ' 
From (3) + ), it follows that 



\\(i(u-ki +1 ) + \\ V2m 
< C2 2l p- 2 \\(u - h +1 ) + \\l Ql + C(k 2 + al)\{u > k l+1 }Cl. 

For k > a p ** , we obtain from Lemma [3.11 that 
\\(i(u- ki +1 ) + \\ 2 2(n+2) 

< c\\au - k l+1 )+\\i 2iQl) 

< C2V 2 ||(« - + Ck 2 p-^-^\{u > k l+1 }\ l ~l. 
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Setting 
we have 



h-= \\(u-k) + \\l Qh 



ij+i < \\Ci(u - k l+1 ) + \\ 2 2 . Ql 

2 

< \{u > ki +1 }\^ Ql \\(i(u - fc m ) + || 2 2(n+2) ;g; (Holder inequality) 



< C2VVi|{« > k l+1 }\" +2 ol + Ck 2 p- 2 ^^\{u > k l+1 }\ 



fl ' n + 2 



oo;Q< 



- , y 2 ' -- 2 - 

Note that 

0, = || ( U - kti+Wlnt > (k l+1 - h) 2 \{u > fc Z+ l}|oo;Q< = k 2 2-^\{u > fc|+i}|ao;Q'- 



Hence, 



>i+ 



1 < C2 2l ^ 1+ ^ 



n + 2 s 4 4 1— ^s- 



/.i n + 2 / 



fi n + 2 



+ 2 s 4 4_ 1- 



p n+2 i 



11 T n + 2 



n + 2 n + 2 .-> .-, 

For > aop M + p ~H M IhjQp, we have k~ p~ n ~ <pi < 1 and therefore 



n+2 



Setting 
we have 



n-2, -2. 



ai := p~ n - 2 k 



.! < C X 2 2 '( 1+ ^) 



From Lemma [5.21 we see that the following 

ao=fc-V n - 2 ||(^-^) + ll|Q p < kr 2 p- n - 2 \ 
with «:=^-f, impli 



a, 



u 



11 1 n + 2 



I2;Q P 



< Q ■= C l «2~^ (1+ ^ } 



ICS 



lim ai = and thus lim 0/ = 0. 

/— ^oo I— >oo 



In conclusion, the two inequalities 



k 2 > ^o~V n ~ 2 ||« + ll2 ;Q , and k > a p 1 ^ +p-^\\u + \\ 2 , Qp 



imply the following one: 



\u\ 



"Z 



< 2k. 



(5.22) 



Hence, (15.221) holds for the following choice 



l n+2 / i\ n+2 , 

k:=a p f + [l + 9 2 j p 2 ||u IhiQp- 

which implies our desired estimate. 

For u G BSPDG~ (ao, p,7;Q), the desired assertion follows in a similar way. We 
complete our proof. □ 
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